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ABSTRACT

In this study, using the shooting method, the static pull-in instability phenomenon of a
microcantilever beam under the effect of uniformly distributed loading and electrostatic interaction
force is analyzed within the framework of the Euler-Bernoulli beam theory associated with the
modified couple stress theory. The shooting method is a numerical treatment applied to the
boundary value problem using approaches of numerical methods for initial condition problems. For
the microcantilever beam under consideration, the shooting method is implemented based on the
Runge-Kutta method combined with the Newton-Raphson iteration method. The profit of the present
approach is to take advantage of the accuracy of the well-known Runge-Kutta algorithm and the
Newton-Raphson method for algebraic equations with fast convergence. Because the governing
equation of the beam is nonlinear, a highly accurate method becomes important in determining
the pull-in characteristics of micro-electro-mechanical systems (MEMS). The static response of
the microbeam is investigated in detail. The pull-in curves are shown to be a good agreement in
comparison with those obtained from the finite difference method and experimental data.

Keywords: Modified couple stress theory, Microcantilever, Shooting method; Electrostatic
force; pull-in instability.

TOM TAT

Trong nghién ciru nay, cdc tdc gia sir dung phirong phdp bdn dé phan tich hién twong madt
on dinh tinh dang kéo vao (pull-in) cho mét dam cong-xén kich thiede micro dwdi tae dung ciia luc
ngodi ¢é phdn bé déu va luc twong tdc tinh dién trong khuén khé Iy thuyét dam Euler-Bernoulli
va Iy thuyét iing sudt ngau. Phwong phdp bdn la mét phirong phdp sé d@é xir Iy bai todn diéu kién

bién dia vao phwong phdp sé cho badi todn diéu kién dau. Vi bai todn dang xét, phirong phép ban &
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duge thiee hién thong qua viée dp dung thudt todn Runge-Kutta bic bon da biét va phirong phdp ldp
Newton-Raphson. Uu diém ciia cach tié}? cdn hién tai dé la su két hop gitta wu diém vé dg chinh xdc
ciia phwong phdp sé6 Runge-Kutta va toc do hoi tu nhanh cia phirong phdp Newton-Raphson. Béi
vi phwong trinh chuyén dong cia dam c6 dang phi tuyén, viéc tim mét phirong phdp chinh xdc cao
dé danh gia sy mat on dinh kéo vao la mét bai todn c6 y nghia. Két qua tinh todn sé dwoc phan tich
chi tiét cho cdc truong hop hé véi cdc tham sé khdc nhau. Cdc téc gia ciing chi ra rang két qua thu
duge la twong doi phit hop véi két qua da cé trude day sir dung phiong phdp sai phan hitu han va

phuwong phap thuc nghiém.

T khoa: Ly thuyét irng sudt ngdu cdi tién; Dam micro cong-xén; Phuwong phdp ban, Luc
tinh dién; Hién tuwong mat on dinh tinh dang kéo vao.

1. INTRODUCTION

Micro-electro-mechanical systems
(MEMS) play an important role in research
and development for modern applications
today. MEMS are integrated in devices
for applications such as sensors, actuators,
microswitches, micropumps, micromirrors,
etc. [1,2]. MEMS systems involve microscale
structures that are often made of constituent
components such as beams/plates with
different material/geometrical configurations
placed in a connection space with substrates
through electrostatic interactions. When a
voltage is applied, an electrostatic interaction
occurs to make the beams/plates deform and be
attracted to the substrate direction. The beam/
plate may touch the substrate as the voltage
reaches a certain critical value. This is known
as pull-in instability phenomenon [3.4,5].
This phenomenon is generally undesirable
because it can damage or destroy the MEMS
structure. Pull-in instability is studied in both
theoretical and experimental aspects using
different methods and approaches [6]. For the
theoretical research aspect, beam/plate models
are developed to better predict static and
dynamic characteristics of system responses
and pull-in parameters. Rhaeifard et al. [ 7] used
the Euler-Bernoulli beam model associated

with the modified couple stress theory to study
static pull-in instability of a microcantilever
beam. Those authors have shown that the
couple stress theory can remove an existing
gap between the experimental observations and
classical theory. Taati and Sina [8] investigated
an electrostatically actuated functionally
graded micro-beams based on the modified
strain gradient theory. Their results provide a
good reference for pull-in voltages where the
pull-in points predicted by the modified strain
gradient theory are very close to those obtained
from the experiments. Recently, a model of
nonlinear dynamics [9] has been developed
for analyzing the pull-in instability phenomena
of a microcantilever beam based on the
modified couple stress theory. Dai and Wang
[9] have shown that the presence of geometric
nonlinearities of beam model and length-scale
parameter can significantly change the pull-in
band of frequencies. Such a dynamic model
helps us understand further the nature of pull-
in phenomenon in MEMS systems.

In practice, the MEMS systems
often operate in environments with complex
interactions, including external excitations
which affect the response characteristics of
the system. To better describe the pull-in
phenomenon, in this study, the authors have
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proposed to investigate the influence of external
loads on the system response using a numerical
approach based on the shooting method. In the
framework of the present study, the external load
is assumed to be uniformly distributed along the
length of the beam, acting on a beam modeled
using the modified couple stress theory. The
influence of external loads can lead to a shift of
the pull-in curve. This shift is a new observation
and has been analyzed in this study.

2. GOVERNING EQUATION OF
MICROCANTILEVER AND SOLUTION
TREATMENT METHOD

We consider a microcantilever beam
with the length L, cross-section bxh, under a
uniformly distributedloading q and electrostatic
interaction force q, as illustrated in Fig. 1. The
Euler-Bernoulli beam theory associated with
the modified couple stress theory is used to
model the beam under consideration. The beam
material is assumed to be linear and isotropic.
The governing equation for beam is given by

[7]:

d*w
(EI+par) =474 (1)

where w = w(x) is the deflection; E, I
are the Young's modulus and the second-order
moment of inertial of cross-section, respectively;
u is the shear modulus; A is area of cross-section;
1 is a length scale parameter corresponding to the
modified couple stress theory.
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Figure 1. Model of a microcantilever beam under
the uniformly distributed loading and electrostatic
interaction force

The electrostatic force q, is obtained
from the -electrostatic interaction between
surfaces of the beam and a fixed substrate
when a DC voltage V is actuated. In this
study, the fringing field effect is included in
the electrostatic interaction, and therefore, the
expression for q_ takes the following form [10]:

2 J—
q, lLVz(l +0.65% Wj )
2 (d, - w) b

where £, = 8.854 x 10" (F/m) is the
vacuum permittivity coefficient; d; is the gap
distance between the beam and fixed substrate.
In the expression (2), the second term represents
the fringing field effect. For the cantilever
beam, the boundary conditions are given by:

d d’ d’
w(0)="2(0) =" 5 (L) =" 5(1)=0 ®)

We introduce the following quantities:

4 4
0,:1-}—12“ 1 Z’BZSObL 'Y:qoL (4)

g=2 =
d,’ E (h/1) 2FEId}" " EId,

x
AR

Substituting Eq. (2)into Eq. (1) and using
new notations in (4), Eq. (1) is transformed into
the following form of dimensionless deflection
y=y()with0<E<I:

y(4)(§):BV 1 [1+O'65(1—y))+% )

Where y® denotes the fourth-order
derivative of dimensionless y(&), r, , is the ratio
of the beam's width b to the gap distance d , i.e.
r,, = b/d,. The boundary conditions for Eq. (5)
are obtained from Eq. (3) as follows:
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»(0)=y'(0)=»"(1)=»"(1)=0 (6)

Where the prime denotes the
derivative corresponding to the variable
& By introducing new state variables

1=(8). 3, =y'(8), y=¥"(&), va = »" (&)

Eq. (5) becomes a system of state variable
equations:

V=V V=5 V=V,
. BVt 1 0.65 (7
y4:B 2(1+ (l—yl)]+l
o (1_y1) rbd a

With boundary conditions:
y1(0):y2 (0):y3 (1)2)/4(1):0 (8)

In this study, our approach is to apply
a method, called shooting method [11,12], to
solve the boundary condition problem (7) based
on the well-known fourth-order Runge-Kutta
method of initial condition problems. The idea
of the shooting method is to find solution of
the initial value problem for different values
of initial conditions until the desired solution
satisfies the boundary conditions of the
boundary value problem. To that end, initial
conditions for Eq. (7) are introduced as follows:

yl(o) :yz(o) =0, Vs (O):yzo: y4(0) :y4o(9)

Where y,, y,, are two unknowns and
must be determined from the original boundary
conditions (8). From Eq. (7), the solution
variables y,, y,, y,, y, have the forms that
depend on two parameters y,, y,,:

:}30’}40) V3

N :}’1(bx}30’}40) V2 2(5
V4 (& 350, Y40 )(10)

= Y3 (5;}’30, Yao )

Using Eq. (10), two last conditions in
Eq. (9) lead to the following system of two
variables y, , v,

8 (y30,y40) =5 (1,y30,y40) =0,

(11)
Kl(y30’y40) = y4(1)y30;y40) :0

The algebraic system (11) of two
unknowns y,, vy, is solved by the Newton-
Raphson method with the following iteration:

-1

oy, oY,
(n+1) (n) — — v
Yo " | Yo Vao 3
(n+1) - (n) - aY aY Y (12)
Yao Yao o Yl 4 (},gg)y},gg))

Yoo Vao ((w) (n))

Y30 Va0

The iteration is convergent if the

condition [()2)| <€ is satisfied for an
arbitrary small tolerance ¢ (¢ = 107'? in our
computation).
the shooting method, we explore unique
characteristics of response related to pull-in
instability phenomena with different parameters
of the microcantilever beam system.

In the next section, using

3. NUMERICAL RESULTS AND
DISCUSSIONS
We have carried out numerical

calculations to find solutions of dimensionless
deflection y(&) and the corresponding response
at tip, i.e. y(1), of the beam using the shooting
method for the boundary value problem (7)
associated with the iteration process (12). The
beam's material and geometrical parameters
are given in Tab. 1. The gap distance is kept at
d, = 1.05 (um). The ratio of the beam's width
b to the gap distance d is computed to be r, | =
47.9190. The ratio h/l is selected as h/l = 4.96.
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Table 1. Material and geometrical parameters of the microcantilever beam

E (GPa) p (GPa) v

L (um) h (pm) b (pm)

169.2 65.8 0.239

75 +200 2.94 50

3.1. Pull-in instability of beam without
uniformly distributed loading

In this subsection, our calculations are
obtained in the case of absence of the uniformly
distributed loading, i.e. q, = 0. The curves of
dimensionless deflection or deflection ratio at
tip & = 1 depending on the DC applied voltage
V with different values of beam's length are
portrayed in Fig. 2. The value of length L is
selected from 75 (um) to 200 (um). It is seen
that the beam deflection will increase as the
applied voltage increases. If this voltage tends
to a critical value, the deflection will change
suddenly and, consequently, the beam contacts
with the fixed substrate. This phenomenon is
known as pull-in instability. The critical voltage
is called the pull-in voltage, denoted as V. For
the beam's length L = 75 (um), the obtained
pull-in voltage is approximate to V, = 76.5
(V). Because in this case the length of beam is
relatively short, it needs a large voltage to attain
the pull-in value. This means that if the interval
(0, V,) is considered as a working domain in
which the device operates well and no collision
appears, a wide range of V, will help the device
become more flexible with the applied voltage.
In design, however, the length of beam is limited
to a certain value, the value of applied voltage
can't be chosen arbitrarily. The determination
of pull-in voltage therefore becomes important.
For longer beams, the interval (0, V) becomes
narrower, for example, for L = 100 (um), the
pull-in voltage is found to be V, =43 (V), that
is smaller than V, =76.5 (V) in the case L= 75
(um). The curves of deflection ratio y exhibit

a monotonically increasing property as the
applied voltage increases. The slope of these
curves reflects the rate of change of the beam
deflection when the applied voltage changes.
The longer length of beam leads to a larger
slope of deflection. This means that the pull-in
instability occurs "faster". This feature shows
the voltage-dependent sensitivity of long beam
in microscale devices.

Fig. 3 illustrates the dependence of
pull-in voltage V, on the beam length L for
different approaches to solve the problem
under consideration. It is seen that when the
length scale parameter | in Eq. (1) is set to be
zero, the the governing equation (1) is reduced
to the one corresponding to the classical
Euler-Bernoulli beam theory. The curves of
deflection ratio y are plotted for the present
shooting method approach, the finite-difference
method by Rahaeifard et al, experimental data
by Osterberg, and classical beam theory. The
obtained results show that our method is a good
agreement with the experimental data in the
case the length scale effect is taken into account
for the model of cantilever beam at microscale.
In comparison with the experimental data, the
classical beam theory leads to an underestimate
for the pull-in voltage point as the beam's length
changes. As observed in Fig. 3, this lack has
been dealt with and fulfilled when the modified
couple stress theory is used to model the beam
in the problem of electrostatic interaction at
microscale.
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Figure 2. Graphs of deflection ratio y = w/d,
versus the applied voltage with 6 cases of beam
length: L =75, 100, 125, 150, 175, 200 (um)
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Figure 3. Plots of pull-in voltage V, versus
length L using four methods: present approach,
Rahaeifard's approach, experiment data, and
classical Euler-Bernoulli beam theory.
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Figure 4. Graphs of deflection ratio w/d,

versus the applied voltage V with different values
q,=0,0.25,0.5,0.75 1.0 (N/m).
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Figure 5. Dependence of the pull-in voltage on the
uniformly distributed loading q,,

3.2. Augmentation of pull-in instability due
to the external loading

The presence of uniformly distributed
loading q, leads to the fact that there exists a
deflected beam configuration before the DC
voltage is applied. In this situation, the beam's
tip has an initial deflection at V = O(V). The
material and geometrical parameters are the
same as in the previous subsection. Numerical
calculations are performed for the case of beam
length L = 75 (um) with different values of
q,» from 0 (N/m) to 1.0 (N/m). As learned in
books on Strength of Materials, the maximum
deflection of cantilever beam under the
uniformly distributed loading q, is q,L*/(8EI).
Because the fixed substrate lies under the beam
at a distance d,, the loading g, must be satisfied
the conditionq L*/(8EI) < d,. This gives the
resulting condition q, < 8EId, /L* for which
the quantity 8EId, /L* can be considered as a
maximum value of external applied loading
q, before the applied voltage V is actuated in
system. The curves of deflection ratio y = w/
d, for different values of q, are plotted in Fig.
4. Five values of q, are selected, q, = 0, 0.25,
0.50, 0.75, 1.0 (N/m). In the case q, = 0 (N/m),
the deflection curve is the same as in Fig. 2, for

ISSN 2615 - 9910 (ban in), ISSN 2815 - 5505 (online)
232 TAP CHI CO KHI VIET NAM, So6 318, thang 8 nim 2024
cokhivietnam.vn / tapchicokhi.com.vn



NGHIEN CU’U - TRAO BOI

which the pull-in voltage is found to be V, =
76.5 (V). The starting point of the curve is zero
because at V = 0, q, = 0, the beam's tip is on
initial state with zero deflection. The presence
of loading q, generates a shift of pull-in curve
in the increasing direction of deflection. This
shift, however, makes the working voltage
domain (0, V) narrower. This feature exhibits
an aspect on the augmentation of pull-in
instability due to the added external loading. In
real engineering applications, when operating
in harsh and complex environments, external
loads are always present, and therefore their
influence on the pull-in characteristic must be
taken into account. For a simple, uniformly
distributed external loading model, the effect
of external loading is reflected through the
decreasing trend of the pull-in voltage. It is
described as follows: since the beam has initial
deflection due to an external load q,, the tip of
the beam is pushed to the substrate direction;
as the voltage is activated, the tip of the beam
will be pushed further to the substrate, but
with a voltage smaller than that in the case
without initial deflection. The pull-in voltage
V., depending on the loading q is portrayed in
Fig. 5. It is observed that, the relation between
the pull-in voltage V, and loading q, is a
nearly linear dependence. The calculated slop
of the curve q, -V, is approximate to value 15
(Vm/N).

4. CONCLUSION

The pull-in instability is an inherent
characteristic of micro-electro-mechanical
systems (MEMS) actuated by applied voltage.
Finding pull-in points is an important issue in
the design and manufacturing process of MEMS
systems. In this study, the characteristics of pull-
in curves and corresponding pull-in voltage
points were investigated using the shooting

method based on the fourth-order Runge-
Kutta algorithm combined with the Newton-
Raphson iteration method. The following
highlights are drawn from the numerical results
of the microcantilever beam problem under
consideration:

* The deflection at the tip of the beam
increases in the increasing direction of applied
voltage before the pull-in phenomenon occurs.
For short beams, the pull-in voltage has a large
value, and becomes smaller for longer beams.
This reflects the fact that the beams with
different lengths will operate within a certain
limited voltage range.

e In the framework of the modified
couple stress theory, numerical solutions of
beam response obtained from our present
approach show a good agreement with those
received from experiment data.

* The augmentation of pull-in instability
is described and analyzed for the first time, in
a simple situation of external loadings in which
the uniformly distributed loading is considered.
The dependence of the pull-in voltage on the
constant external loading is nearly linear.
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