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ABSTRACT

This study presents a hybrid multi-objective optimization framework that combines the
Non-dominated Sorting Genetic Algorithm Il (NSGA-II) with the Multi-Attributive Reference Point-
Based Approach (MARCOS) for the design of a two-stage helical gearbox incorporating a split
slow stage. The optimization aims to simultaneously minimize the gearbox footprint, defined as the
base area of the housing, and maximize transmission efficiency, which are inherently conflicting
objectives in practical engineering design.

A comprehensive parametric model is developed to represent the geometric configuration,
operational constraints, and performance characteristics of the gearbox system. The NSGA-II
algorithm is employed to obtain a diverse set of Pareto-optimal solutions over a wide range of
transmission ratios. Subsequently, the MARCOS method is applied as a decision-making tool to
rank these solutions and determine the most suitable design based on their relative closeness to the
ideal alternative.

The results indicate that the proposed framework effectively identifies optimal gearbox
configurations that achieve a favorable balance between compactness and efficiency. In particular,
the approach proves highly effective for applications with limited installation space and stringent
performance requirements. Therefore, the integration of NSGA-I1I and MARCOS provides a robust
and practical decision-support methodology for the optimal design of advanced gear transmission
systems.

Keywords: Two-stage helical gearbox,; Split slow stage; NSGA-II; MARCOS method;
Multi-objective optimization; Gearbox footprint; Transmission efficiency.
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TOM TAT

Bai bdo nay trinh bay mét khung t6i wu héa da muc tiéu lai két hO’p thudt todn di truyén phan
loai khong troi 11 (NSGA -1) vm | phwong phép dwa trén diém tham chiéu da thudc tinh (MARCOS)
dé thiét ké hop so banh rang cap chdm phan doi. Muc tiéu 16i wu héa la dong thoi giam thiéu dién
tich déay ciia hdp so, va t6i da héa hiéu sudt truyén dong, ddy la nhitng muc tiéu mdu thudn nhau
trong thiét ké ky thudt thuec té.

Mot mé hinh tham sé toan dién dwoc phat trién dé biéu dién cdu tric hinh hoc, cdc rang
budc van hanh va ddc tinh hiéu sudt cia hop s6. Thudt toan NSGA-II dwoc sir dung nham xdc dinh
mét tdp hop cdc gidi phdp téi wu Pareto trén mét pham vi rong ciia cdc 1y so truyén. Sau do, phirong
phdp MARCOS dwoc dp dung nhie mot cong cu ra quyét dinh dé xép hang cdc gidi phdp ndy va xdc
dinh thiét ké phit hop nhat diea trén @6 gan twong doi ciia chiing véi phirong dn 1y tuéng.

Két qua cho thdy khung dé xudt xdc dinh hieu qua cdc cdau hinh hép sé 161 wu dat duwoc sy
cdn bang thudn loi gitka tinh nhé gon va hiéu sudt. Pdc biét, phu“O’ng phap nay t6 ra rat hiéu qud
doi véi cdc g dung c6 khong gian ldp dat han ché va yéu cau hiéu sudt nghiém ngat. Do do, su
két hop giita NSGA-II va MARCOS cung cap mot phirong phép hé tro quyet dinh manh mé va thiét
thuee cho viéc thiét ké t6i wu cdc hé thong truyén dong banh rdng tién tién.

Tw khoa: Hop giam toc banh rdng tru hai cap; Cdp chdm phdn déi; Thudt toan NSGA-II;
Phuwong phap MARCOS; Toi vu hoa da muc tiéu, Dién tich day hop giam toc, Hiéu suat truyén
dong.

1. INTRODUCTION Yao [1] demonstrated the effectiveness of

integrating NSGA-II with decision-making

Helical gearboxes are widely used in
industrial power transmission systems due
to their smooth meshing, high load-carrying
capacity, and efficiency. Increasing demands
for compact and energy-efficient designs
have driven the adoption of multi-objective
optimization (MOQO) approaches to address
conflicting criteria such as gearbox size
and performance. In particular, minimizing
the gearbox footprint (base area) while
maximizing transmission efficiency remains a
key engineering challenge in space-constrained
applications.

Evolutionary algorithms have been
extensively applied to gear system design.

for spur gear optimization under conflicting
objectives. Konak et al. [2] highlighted
the applicability of multi-objective genetic
algorithms in engineering design, while
Patil et al. [3] incorporated tribological
effects to improve reliability and efficiency.
Ananthapadmanabhan et al. [4] further showed
that combining global search with selection
strategies enhances solution quality.

Recent studies have focused on two-
stage helical gearboxes, often incorporating
structural modifications such as split stages to
improve load distribution and spatial efficiency.
Thanh et al. [5] optimized both efficiency and
base area, confirming the inherent trade-off
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between these objectives. Among available
techniques, NSGA-II [6] remains a standard
approach for generating well-distributed Pareto
solutions. In addition, theoretical models such
as those by Wang and Wang [7] provide a basis
for determining gear geometry under stress
constraints.

The decision-making phase is equally
important for selecting a preferred solution from
the Pareto set. Earlier approaches employed
methods such as Taguchi—-GRA [8] and genetic
algorithms [9], whereas recent studies have
adopted structured MCDM techniques. Daoudi
et al. [10] applied genetic-based optimization
to epicyclic gear systems, while Dinh et al. [11]
demonstrated that the MARCOS method provides
consistent ranking of non-dominated solutions.

Further research has expanded
optimization objectives to include spatial
efficiency [12], planetary gear systems [13],
vibration and noise reduction [14], gear
shifting strategies [15], and component-level
optimization such as planet carriers [16].

However, limited studies have
addressed hybrid NSGA-II and MARCOS
frameworks for two-stage helical gearboxes
with a split slow stage. Although this
configuration offers advantages in torque
distribution and modularity, it also introduces
additional complexity in geometry and power
losses. Moreover, most existing works treat size
and efficiency separately rather than within an
integrated decision-support framework.

To overcome these limitations, this study
proposes a hybrid multi-objective optimization
approach combining NSGA-II and MARCOS
to simultaneously minimize gearbox footprint
and maximize efficiency. The focus is on two-
stage helical gearboxes with a split slow stage,

aiming to achieve an optimal balance between
compactness and performance for practical
engineering applications.

2. OPTIMIZATION PROBLEM

2.1. Determination of gearbox footprint
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Figure 1. Schema for determining gearbox

footprint
The gearbox footprint A, can be
calculated by (Figure 1):
A = (LB) (1)

Where L and B are computed by (Figure 1):

L=dyq1+dyp/2+dy1/2+d,,,+4 6(2)
B=b,,+2-b,,+7-8 (3)

In which, 8 = 7+10 (mm) [17]; b_,
d, . d ,, is the gear width, the pitch diameter
of the pinion and the gear of i" stage (i=1+2),
respectively. These parameters can be

determined by:
Bii = Xpar ™ Qi 4)
A1 =2y, /(u; +1) &)

Aypi = 2" @y " U; -/ (U; + 1)
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Where X, .and a , (i=1+2) denote the
face width coefficient and the center distance
of the i" stage. a_. can be found by [17]:

Qi =k (u; +1)- jTH : kHﬁ/[:[ASl-]z “U; * Xpai) (7)

In which, T, (i=1+2) is the torque on the
pinion of i stage which can be computed by:

2 3
T—|11 = Tﬂutfr(ugb ) Tth ’ nb) (8)
TlZ = Tﬂutf(z' Uz - nhg ’ Th%e) )
2.2. Calculation of gearbox efficiency

The gearbox efficiency (%) is calculated

by:
100-F,

Ngp = 100 — (10)

Where P, is the total power loss in the
gearbox which is determined by [18]:

PI :PIH+P[E|+PIS+PZU (11)

In (11), Plg, P, P, and P, denote the
power losses due to gear meshing, bearing
friction, seal drag, and idle motion, respectively.
These components are calculated following the
procedure described in [19].

2.3. Objective functions and constraints

The optimization problem is formulated
as a bi-objective minimization — maximization
model as follows:

- Decision variables:
X = {uy, Xpar, Xpaz} (12)

Where u, is the gear ratio of stage 1;

X..» X, are the face width coefficients of

stage 1 and 2.

- Objective functions:

fi(X) = 4, —> min (13)
£(X) =ng — max (14)
Constraints:

- Gear ratio bounds [17]:

1<uc<9 (15)

- Face width coefficient bounds [17]:

025<X .<04 (16)
3. METHODOLOGY

3.1. NSGA-II for
optimization

multi-objective

NSGA-II, proposed by Deb et al. [6],
is one of the most widely used evolutionary
algorithms for multi-objective optimization
problems. In this study, it is employed to
generate a set of Pareto-optimal solutions that
simultaneously minimize the gearbox base area
and maximize transmission efficiency.

Each individual in the population
represents a candidate gearbox design, which
is encoded by the following decision vector:

X= {ul’ Xbal’ XbaZ} (17)

The key features of NSGA-II utilized
in this study include fast non-dominated
sorting, an elitist selection mechanism, and
the preservation of solution diversity through
crowding distance. The algorithm was executed
for multiple values of the total transmission
ratio u,, and for each case, a corresponding set
of Pareto-optimal solutions was obtained.
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The  NSGA-II  algorithm  was
implemented using the following parameter
settings: a population size of 100 individuals
and a maximum of 200 generations per
optimization run. The crossover probability
was set to 0.9 and the mutation probability to
0.1. The distribution index for SBX crossover
(n,) and polynomial mutation (n_) were both
set to 20. These values were selected based
on standard practices in evolutionary multi-
objective optimization [6], and were further
validated through experimentation to ensure
convergence and diversity of the Pareto-
optimal front in the context of split-stage
helical gearbox design.

3.2. Methodology for solving MCDM

To identify the most suitable
compromise solution from the Pareto front,
the MARCOS method was employed. This
approach ranks candidate solutions based on
their relative closeness to the ideal (Al) and anti-
ideal (AAI) alternatives through a normalized
utility-based framework. The application of
the MARCOS technique follows a sequence of
systematic steps, which should be implemented
in accordance with the procedures described in
[20]:

Step 1: Create the initial decision-
making matrix:

X11 Xin
X X

x= [T 7 Yom (18)
xm’]‘l xm’]‘l

Where m is the number of alternatives
and n 1s the number of criteria.

Step 2: Extend the matrix to include
ideal (AI) and anti-ideal (AAI) solutions:

.-‘qﬂ.f xaal xa,a,n
Ay | X1 X1n
e (19)
Am xml xmn
Al X1 - Xagim

In which, AAI = min(xij) and Al =
max(xij) for efficiency (to maximize); AAI =
max(x;) and Al = min(x,) for bottom area (to
minimize); i=1,2,... m;j=1,2,...,n.

Step 3: Normalize the extended matrix
to obtain u,:

Ui = Xar/ Xy (20)
Wi = X/ Xar (21)

Wherein (20) is applied for bottom area,
and (20) is applied for efficiency.

Step 4: Compute the weighted
normalized matrix C = [Cij]an by:
Gyl N e W (22)

Where W, is the weight coefficient of
criterion j.

Step 5: Calculate
alternatives K;~ and Ki™ by:

the utility of

K = S5;/Saar (23)
Kf= S:/Sa (24)
In (22) and (23), S, is found by:

S; = Li=1Cij (25)

Step 6: Calculate the overall utility
function f(K,) for each alternative by:
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K +E;
fK;) = 14 IO D) (26)
KDY T OfIED)
with:
f(K7)=K'/(KFf+K}) (27)

f(KiJr) = Ki_."r{KiJr + Kii) (28)

Step 7: Rank the alternative’s order by
maximizing f(K.).

4. RESULTS AND DISCUSSIONS

4.1. Trends of gearbox bottom area and
efficiency with respect u,
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Figure 2. Mean trend of gearbox bottom area and

efficiency vs. u,

Figure 2 presents the variation of
the mean gearbox bottom area and mean
transmission efficiency as functions of the
overall transmission ratio u, . It can be observed
that the efficiency gradually decreases with
increasing u,, from approximately 97.9% at u,
=5 to about 94.5% at u, = 40. In contrast, the
bottom area exhibits a non-monotonic behavior,
initially decreasing and then increasing once
u, exceeds 20. This trend reflects the inherent
trade-off in gearbox design: higher transmission

ratios typically require larger gear diameters or
increased face widths, which lead to a greater
footprint and higher cumulative mechanical
losses, particularly in configurations with a
split stage.

4.2. Pareto front distribution by transmission
ratio

The Pareto fronts generated by NSGA-
II for different values of u, are illustrated
in Figure 3, where each front represents the
trade-off between gearbox bottom area and
transmission efficiency. It can be observed
that as u, increases, the Pareto fronts shift
toward the right and downward, indicating a
simultaneous degradation in both objectives.
For lower transmission ratios (e.g., u, = 5-15),
the solution space is relatively wide, providing
multiple design options with high efficiency
and compact geometry. In contrast, at higher
ratios (e.g., u = 35-40), the Pareto fronts
become narrower and more concave, reflecting
a reduced number of optimal trade-offs and
tighter design constraints. These trends confirm
that increasing transmission ratios limit both
spatial and energetic flexibility, particularly in
split-output gearbox configurations.
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Figure 3. Pareto fronts for various u,
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4.3. Regression analysis of u, vs. u,
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Figure 5. Linear fit of MARCOS-based u, vs. u,

To  support preliminary  design
decisions, regression models were constructed
to express the stage 1 gear ratio u, as a function
of the total ratio u,. Two cases were analyzed:

- Mean-based trend (Figure 4) (R?=0.9930):
u,=0.1220 - u, +0.9765 (29)

- MARCOS-based optimal values
(Figure 5) (R?=10.9617):

u, =0.1367 - u, +0.9811 (30)
4.4. MARCOS-based optimal solutions

Table 1 summarizes the optimal
solutions selected from the Pareto fronts using
the MARCOS method for each value of u,. All
face width coefficients were fixed at 0.25 to
emphasize the effect of u on performance.

Table 1. Optimal Solutions Selected by MARCOS for Each u,

u, u X X,.2 Area (mm?) | Efficiency (%)
5 1.20 0.25 0.25 70,966.82 97.91
10 2.16 0.25 0.25 67,600.91 97.33
15 3.44 0.25 0.25 66,867.07 96.44
20 4.11 0.25 0.25 67,561.60 96.01
25 4.62 0.25 0.25 68,447.02 95.66
30 5.19 0.25 0.25 69,286.79 95.21
35 5.66 0.25 0.25 70,157.68 94.85
40 6.08 0.25 0.25 71,023.34 94.51
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The results clearly show a decreasing
efficiency trend and an increasing bottom area,
aligned with the trade-offs observed earlier.
Notably, the selected u, values follow a near-
linear progression and match well with the
regression model in Figure 4.

This confirms that MARCOS not only
identifies high-quality compromise solutions
but also does so consistently across a wide
transmission range, preserving both engineering
feasibility and spatial constraints.

5. CONCLUSIONS

This study proposed a hybrid
optimization framework that integrates
the NSGA-II evolutionary algorithm with
the MARCOS  multi-criteria  decision-
making method for the design of a two-stage
helical gearbox with a split slow stage. The
optimization simultaneously targets two key
objectives: minimizing the gearbox base area
and maximizing transmission efficiency, which
are critical in space-constrained and high-
performance applications.

The NSGA-II algorithm successfully
generated  well-distributed  Pareto-optimal
solutions over a wide range of transmission
ratios (u,), clearly revealing the trade-
off between geometric compactness and
efficiency. The observed shifts in Pareto fronts
and associated trend analyses indicate that
increasing transmission ratios progressively
restrict the feasibility design space and reduce
achievable performance, particularly due to the
added structural complexity of the split-output
configuration.

The MARCOS method was then
effectively employed to identify the most
suitable solutions from each Pareto front. The

selected designs exhibited consistent and nearly
linear trends in the allocation of gear ratios (u,),
while maintaining a balanced performance
between the objectives. Furthermore, regression
analysis enabled the derivation of empirical
design guidelines, supporting efficient decision-
making in the preliminary design stage.
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