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TOM TAT

Hé phi tuyén cé chira dao ham cdp cao thwong tao ra cdc dong lwc hoc phirc tap. Poi voi
hé co chira dao ham cd'p ba, ung xu cua hé sé lién quan dén su thay doi cia gia téc, hay con goi la
gia toc bién thién (jerk), va dan dén trang thdi chuyén dong ma ¢ dé ngueoi ta c6 thé cam nhén dwoe
mike d¢ “ém i’ ciia chuyén déng. Trong nghién cieu nay, cdc tac gia dé xudt sir dung mét tiéu chudn
sai s6 bdc cao, cu thé la tiéu chudn sai s6 mii bon trung binh dé tim nghiém xdp xi cho tan sé dao
dong tu do cua mot hé phi tuyén 6 chira dao ham cdp ba. Tiéu chudn ¢ thé coi nhw mot dang bdc
cao so Véi tiéu chudn sai so binh perO’ng trung binh da biét. Hé dwoc xét co thanh phan phl tuyén
la tich cua chuyen Vi, vdn toc va gia toc. Két qua thu dwo’c chi ra rang tleu chudn dé xudt cho sai
s6 twong doi nhé va nhé hon so véi cdc két qua tan sé thu dwoc tir mét sé cong bé trude day. Tiéu
chudn nay cé thé dp dung cho cdc hé phi tuyén khdc nhau.

T khéa: Hé phi tuyén; Pao ham cdp ba; Tiéu chudn sai sé; Tan sé xdp xi.

ABSTRACT

Nonlinear systems containing higher-order derivatives often produce complex dynamics.
In dynamical systems with the third-order derivative, their behaviors will involve the acceleration
variation, also known as jerk, and lead to a state of motion where one can feel the “smoothness”
of the motion. In this study, the authors propose the use of a higher-order error criterion, namely
the mean quartic error criterion, to find an approximate solution for the free vibration's frequency
of a nonlinear system containing the third-order derivative. The proposed criterion can be
considered as a higher-order form of the well-known mean squared error criterion. The system
under consideration has a nonlinear component that is the product of displacement, velocity, and
acceleration. The obtained results show that our approach gives relatively small errors and is
smaller than the frequency results received from some previous publications. The used criterion can
be applied to various nonlinear systems.

Keywords: Nonlinear system, Jerk, Error criterion; Approximate frequency.
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1. GIOI THIEU

Pao ham cép cao xuat hién trong mot
hé phi tuyén thuong dan dén cac dic trung
phong pht vé dong luc hoc [1]. Pay 1a cha dé
dugc quan tdm nghién ctru trong nhiéu thap ky
tro lai day, trong d6 c6 van dé hé dong luc chua
dao ham cép ba [2]. Pao ham cép ba la dao
ham theo thoi gian cua thanh phan gia toc trong
hé dong luc, tic lién quan dén tdc do thay doi
cua gia tde, mot dac trung ma&i so voi cac hé
dong luc thong thuong co chira dao ham cép
hai. Theo cac phat biéu thong thudng, dao ham
cap mot theo thoi gian cua chuyén dich duoc
goi la van tdc, dao ham cép hai cua chuyén
dich goi 1a gia tde; tuy nhién dao ham cép ba
it duoc biét dén hon, sau day ta goi dao ham
cap ba cta chuyén dich 1 thanh phan giat (jerk
trong tiéng Anh). Yéu té giat xuit hién trong
nhiéu bai toan ky thuat va vat Iy khac nhau [3,
4]. Phuong trinh chira giat c6 thé dan dén cac
hién tugong chuyén dong khéc nhau, co thé 1a
chuyén dong tuan hoan [5], ¢6 thé 1a chuyén
dong hon don [6], tuy thudc vao cac mién tham
s6 khac nhau xuat hién trong phuong trinh. Cac
mo ta chi tiét vé gidt ma ¢ d6 chuyén dong cia
hé 12 hdn don, co thé ké dén nhu von Baeyer
[7], Sprott va Linz [8]. Trong khuon khd cua
nghién ctru ndy, ta quan tim dén cac chuyén
dong tuan hoan co thé xuit hién trong h¢ co
thanh phan giat. Véi cac chuyén dong tuin
hoan, viéc tim nghiém gidi tich 1a bai todn co
¥ nghia. Vi hé ¢ giat, nhiéu phuong phap da
duoc dé xuét dé tim nghiém x4p xi cta hé trong
mot khuon khd nao d6 ma dod chinh xac cua
nghi¢m la chép nhan duogc. Cach tiép can can
bang diéu hoa cho hé phi tuyén c6 chua giat 1a
mot trong nhitng ¥ tedng don gian va tuong dbi
dé thyc hién, c6 thé tim thay trong nghién ctru
ctia Gottlieb [9]. Mot cai tién ctia phuong phap
can bang diéu hoa dé ting d6 chinh xac cho
nghiém 1a phuong phap can bang diéu hoa dang

du, trinh bay boi Leungn va Guo [10]. Nghién
ctru vé& nghiém xAp xi cta phuong trinh chira
giat dugc bao cdo boi Karahan [11] st dung
phuong phap nhiéu dang da thang (multiple
scale), trong do6 thanh phan phi tuyén duoc xét
trong cac tinh hudng khic nhau (ching han:
tich cua chuyén vi, van téc va gia tdc; tich cua
van toc va binh phuong gia téc). Gan day, El-
Dib [12] da phat trién mot phuong phép, goi
1a tuyén tinh hoa trong dwong dé tim nghiém
xap xi ctia phuong trinh vi phan phi tuyén bac
ba c6 chtra giat. Phuong phép cua El-Dib té ra
hiéu qua v6i mién rong cac tham sé va khong
can xét dén nhidu ctua nghiém nhu cac phuong
phap nhiéu khac. Mot phuong phap khac dé tim
nghiém xAp xi cta hé phi tuyén co chira giat
duya vao mot tiéu chuén sai sd cu thé nao do.
Cach tiép can nay gan giéng v6i phuong phap
tuyén tuyén hoa twong dwong; hé dugc gia sir
14 c6 mot nghiém xap xi nao d6 véi biéu dién
nghiém chira cac tham sb can tim, nhu trong
nghién ctru gan ddy cta Ismail va Abu-Zinadah
[13]. Tuy nhién, khi khao sat véi mién tham
s6 16m, nghiém thu dugc cua Ismail va Abu-
Zinadah dugc xem 1a ¢ sai s6 tang dan. Trong
nghién ctru nay, cac tac gia mé rong cach tiép
can cua Ismail va Abu-Zinadah, trong d6 dé
xuat sir dung tiéu chuan sai s6 mil bon trung
binh, mét tiéu chuén sai s6 bac cao hon so voi
sai s6 béc hai d biét. Do d6, nghiém xap xi tim
duoc di duoc cai tién vé do chinh xéac so véi
tiéu chuan sai s6 binh phuong trung binh trong
cach tiép can cua Ismail. Cac khao sat s6 duoc
tién hanh nham minh hoa cho tinh hiéu qua cua
cach tiép can dé xuat.

2. TIEU CHUAN SAI SO BINH PHUONG
TRUNG BINH VA MU BON TRUNG BINH

Xét phuong trinh dang téng quat sau
day c6 chira dao ham cap ba [5]:
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¥+ f(x,5,8) =0 (1)

Trong dé, x = x(t) 1a dap tmg chuyén
dich, x 1a dap ung van téc, X 1a dap tmg gia
tbc, X 1a dao ham cua gia toc, con goi 1a giat;
f (x,ﬂfc,)'é) 1a mot h,e‘lm phi tuyé:n cua ba doi §6
chuyén dich, van toc va gia téc. Nghiém xap
xi cua phuong trinh (1) dugc gla sUr co dang x

=X, (to P) 1a tuan hoan véi tan sé o, P 1a tap
cac tham 56 ¢ trong biéu dién nghlem Néu X,
c6 biéu dién tuan hoan theo dang chudi Fourler
thi P ky hiéu tap cac tham s6 ctia chudi xap xi.
Thay nghiém nay vao (1), ta thu dugc sai so
e(t) =%+ f(x,%.%). Tiéu,chuén sai 6 binh
phuong trung binh va mii bon trung binh cho
phuong trinh (1) c6 dang sau day:

,P

E, (w,P)= Iez" (t)dt >min (2
0

Trong d6, n = 1 cho tiéu chuin binh
phuong trung binh va n = 2 cho tiéu chuan sai
s mil bon trung binh; T 13 chu ky dao dong cua
hé, T = 2n/o. Tiéu chuin (2) dan té1 phuong
tr1nh sau day dé xac dinh tan s6 ® va cac tham
sd cuia nghiém xép xi:

O, (w,P) 0 OF,, (o

oo " oP

Trong phan tiép theo, dé minh hoa tiéu

chudn dé xuat (3) cho phuo’ng trinh phi tuyén
Jerk ta thyc hién tim tan sb cho mot hé phi

tuyen ma & d6 thanh phan ph1 tuyén 1a tich ctia
chuyén dich, van tdc va gia toc.

’P)=0 (3)

3. HE PHI TUYEN JERK VOI THANH
PHAN PHI TUYEN LA TICH CUA
CHUYEN DICH, VAN TOC VA GIA TOC

Trong phan nay, ta xét hé phuong trinh
vi phan phi tuyén sau day [13]:

¥+ % — yxik =0 )

Trong d6, y 1a mot tham sb phi tuyén
gan v6i thanh phan 14 tich cia chuyén dich, van
toc va gia toc. Diéu kién dau cua phuong trinh
(4) gia su la:

x(0)=0,%(0)= 4, ¥(0)=0 (5

Trong d6, chuyén dich va gia téc ban
dau tai thoi diém t = 0 dugc gia sir bang khong,
trong khi d6 vén téc ban dau duoc gia sir khac
khong va c6 gia tri A cho trude. Gid sir nghi¢m
xap xi bac nhét cua (4) co dang sau day thoa

mén diéu kién dau (5):
A .

x (1) =x(t,0,4) =—sin ot (6)
(4]

Thay nghiém (6) vao (2), ta thu dugc:

2n -
Ezn( ) Zcécn}/kAZnJer (1 0)2 )211 k Jkn (a)) N mgn (7)

k=0

Trong do, Cé‘n

= (2n)V (k!(2n—k)!);

Ji, (a)) duoc xac dinh nhu sau:

T
J, (@)= jsin”‘ wtcos™ wrdt  (8)
0

Chu y rang trong biéu dién nghiém bac
nhét (6), chi c6 tham s tan s6 o 1a chua biét.
Trong truong hop xét xap xi bac cao hon thi cac
tham sb chua biét twong tmg s& xuat hién. Do
d6, két qua cua (8) 1a chi cuc tiéu hoa theo o
dé thu duoc tan sb can tim. Trong qua trinh tinh
tich phan cho tiéu chuan sai so binh phuong
trung binh va tiéu chuan sai s mii bon trung
binh, cac biéu thic sau cho J () s€ dugc su
dung:

Jo=rmlw J,=x/(40), J,=7/(80) F
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N

0w =37/(40), J, =7/(8w),
Jy =37/ (640), Jy, =37/ (128w),
J,=T7/(5120).

3.1. Téan s6 thu dwoc tir tiéu chuin sai s6
binh phwong trung binh

Trong trudng hop tiéu chuén sai s6 binh
phuong trung binh (tirc véi n = 1), ta thu duoc
biéu thirc cua E, la:

x A
E,=E,(0)= »

[8+4y4>+ 74" ~(16+ 4y 4% )0’ +80° |(9)

DPao ham cua ham E (») theo o, ta thu
dugc mot phuong trinh trung phuong, gidi ra ta
duoc:

4+yA° 4+32y4° A
w:\/ +y +\/6 +32yA° + 7Ty (10)

12

3.2. Tan s6 thu dwoc tir tiéu chuin sai s6 mii
bon trung binh

Trong trudng hop tiéu chuan sai s mi
bon trung binh (tirc n = 2), bi€u thirc cua E, ¢6
dang sau day:

4
E4=E4(a))=”A (b0+b1a)2+b2a)4+b3a)6+b4a)8) (11)
(0]
Trong do, cac hé ) b, b,b,,b,,b, choboi:
3.1 209 54,3 3 46 Yy

by=—+—yA +—y A +—y A +—y' 4,

VT TR 3 5127

3 9 3

b=-3-=yA -—p A ——p’4° 12

‘ IR 2/ (12)

9 3 9 1 3
by=—+=yA'+—y' A by=-3——yA’, b, ==
T TR 7Ty
Tiéu chuan (3) dan dén phuong trinh
bac bon cua binh phuong tan so:

—b, + b’ +3b,w" +5b,0° + Th,0" =0 (13)

Trong do, cac hé sb b, b, b, b, b,xdc
dinh tir (12). Viéc gidi mot phuong trinh bac
bdn ddy du ciia ©* nhu phuong trinh (13) 1a
¢6 thé, tuy nhién biéu thic giai tich cua né 1a
tuong ddi phuc tap va khong dugce trinh bay ¢
day; thay vao do ta tim nghiém cua (13) dudi
dang s6. Ta viét nghiém ciia phuong trinh (13)
dudi dang:

a):a)(y,A) (14)

Trong do, chu y r::ing cac hé s’(A) b, b,
b,, b,, b, phu thudc vao tich yA2, vi thé o cling
la ham cua tich yA2. Trong phan sau, ta s€ khao
sat nghiém cua (18) dudi dang s6 theo tham sb
YAZ.

4. KET QUA SO VA THAO LUAN

Trong phan nay, két qua s6 cho phuong
trinh (13) dugc trinh bay. Nhu nhan dinh ¢ trén,
ta thay rang trong cac két qua nghiém giai tich
(10), (14), tan sb 1a mot ham cua tich yAZ2. Tai
mot gid tri lya chon trude cua tich yA?, ta co
thé Iya chon mot tham s A von 1a tham sb gén
v6i s6 hang phi tuyén cta hé dong luc, va lua
chon mot diéu kién ban dau lién quan dén tham
s& A. Khong giam tinh chat tong quat, ta c6 thé
gid sty = 1 va khao sat dap ung ctuia h¢ thong
qua tham s A. Trong Hinh 1 1a két qua nghiém
dién tién theo thoi gian ctia dap Gmg chuyén vi
x v6i cac phuong phap khac nhau gdm: phuong
phap ) Runge-Kutta bac 4, nghi¢m thu duoc
tir tiéu chuan sai s6 binh phwong trung binh
theo cach tiép can cua Ismail da thuc hién va
nghi¢m thu dugc tu tiéu chuan sai s6 mil bén
trung binh. Gia tri ban dau A duoc lay 1a A =
0.5. Thoi gian mé phong duoc 1ay 1 40 (s). Co
thé thay rang ca ba phuong phap déu cho két
qua tuong dbi trung khit 1én nhau. Két qua sé tir
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thuat toan Runge-Kutta 1a mot trong nhimng két
qua tham chiéu tin cay do né c6 d6 chinh xac
cao khi giai quyét cac hé dong lyc phi tuyén;
va do d6 né duoc 1y 1am tham chiéu dé danh
gia do chinh xéc cua cac phuong phép giai tich
xap xi khac. Nghiém thu dugc theo Ismail va
nghiém thu dugc tur tiéu chuén mi bén trung
binh 1 twrong d6i chinh x4c trong tinh hudng
tham s6 da lya chon.

! Yk lums
— Wi Fedin B

E 1

""l e

Chidn dich «

Thexi gian t (1}

Hinh 1. Do thi tién trién theo thoi gian ciia ddp
wng x (1) voi cac phuwong phap khac nhau

Dé danh gia hon nita vé tiéu chuan dé
xudt, viéc khao sat két qua tan sb dao dong xap
xi thu dugc thay ddi theo tham s A 13 can thiét.
Trudc hét, ta c6 thé thiy rang tiéu chuén 3)
cho ta diém cuc tiéu cua cac ham s6 E ,(w) va
E (03) Gia tri cua d01 so ® ma cac ham nay cuc
tleu chlnh 1a tan s can tim. Thong qua khao
sat s6 ctia hai ham nay theo ddi s6 o, ta co thé
thdy cac ham nay déu chi c6 mot diém cuc ticu
duy nhét tai mot gié tri ® duong Cu thé, v6i A
= 0.5, ta thu dugc gia tri tan sb tuong ing 1a ©
= o, = 1.0312 theo cach tiép can cta Ismail,
tuc tleu chuan sai sé binh phuong trung b1nh
o = o,,= 1.0309 theo cach tlep can sai s6 mil
bbn trung binh; trong khi d6 tan sé thu dugc tir
phuong phap Runge-Kutta law=ow, =1.0308.
Don vi ciia tan s6 vong ® dugc lay la rad/s. Mot
1an nita co6 thé thiy rang tan sb cua ca ba cach

tiép can 1a twong d6i gan nhau. Tuy nhién, su
sai khac giira cach tiép cin theo Ismail va tiép
can theo sai sd mii bdn trung binh bat dau boc
10 khi tang gia tri ctia tham sb bién do A.

Trén Hinh 2, gia tri s6 cta chu ky dao
dong tuong ung véi ba phuong phap da néu
déu duoc hién thi, trong d6 duong nét lién mau
do thé hién nghiém thu duoc tir Ismail, duong
nét dit mau xanh hién thi két qua cua tiéu
chuén sai s6 mii bon trung binh. Dang diéu sai
s6 twong d6i ctia chu ky dao dong so véi chu ky
dao dong thu dugc tur thuat todn Runge-Kutta
duogc hién thi trén Hinh 3 véi A duoc 1y tir 0.1
dén 2.0. Ta thiy rang khi ting A, nhugc diém
cua cach tiép can Ismail bit dau boc 10, tic 1a
sai sb twong dbi ting dan, & mirc 4% khi A =
2, trong khi d6 sai sd cua tiéu chuan mii bon
trung binh thi nho hon, & muc 2% khi A=2. Tu
khoang gié tri A =0.5 thi hau hét tiéu chuan mil
b6n binh phwong trung binh déu tot hon tiéu
chuan sai s6 binh phuong trung binh. Diéu nay
cling twong dbi d& hiéu boi vi tiéu chuan mi
bdn trung binh dugc 1dy 1a bac cao cia sai s6 so
v6i tiéu chuan binh phuong trung binh truyén
théng.

Bbh
L L R
-"'-\.H" s Hpadbre lr g
I "H.._H Paetm Pt b
e
- .
— &
e
5
G 3 ;.
g,
a8 =

S Fy

L

Hinh 2. Chu ky dao déng cia hé thay doi theo
tham so A voi cac phwong phap khac nhau
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Hinh 3. Sai s6 twong doi ciia chu ky dao dong ciia nghiém thu dwoc tir tiéu chudn sai sé binh phwong trung
binh (theo Ismail) va tiéu chudn sai s6 mii bon trung binh

Bdng 1. So sanh sai s6 giita cdc phwong phdp khdc nhau theo gid tri ciia bién do A

11?:3%: Karahan [11] | Leung-Guo [10] Ismail [13] Hién tai
A r r 7 z

SRR AR AR
0.1 | 62747 | 62753 | 0.0096 | 62753 | 0.0096 | 6.2754 | 0.0102 | 62753 | 0.0097
02 | 62515 | 62518  0.0049 | 62518 | 0.0049 | 6.2519 | 0.0068 | 6.2520 | 0.0077
0.5 | 6.0956 | 6.0884 = 0.1171 | 6.0885 | 0.1160 | 6.0930 | 0.0427 | 6.0949 | 0.0103
1.0 | 5.6293 | 5.5258 | 1.8400 @ 5.5299 | 1.7659 | 5.5922 | 0.6605 | 5.6129 | 0.2922
20 | 44959 | 4.6857 | 42210 | 47260 | 5.1175 | 43157 | 4.0095 | 4.4095 | 1.9234

Birc tranh sai s6 ctia phuong phap hién
tai dya trén tiéu chuan sai sé mil bon trung binh
con dugc lam 10 trén Bang 1 thong qua so sanh
v6i cac két qua tir cac cong bo trude ddy. Trong
bang nay, hai két qua tir cong bd cua Karahan
[11] va cong bd cua Leung va Guo [10] duoc
ldy 1am minh hoa. Rd rang rang, v4i cac gia tri
bién d6 nho, hau hét cac phuong phap déu cho
sai sO twong d6i 1a nho, chang han véi A= 0.1,
sai s6 ctia cac phuong phap déu & muc 0.01%.
Khi ldy A = 0.2 thi sai s ting 1én va c6 su phin
hoa, tirc trong khi sai s6 ctia Karahan va Leung-
Guo duy tri & mirc 0.05% thi sai s6 ctia Ismail

va cach tiép can hién tai co ting hon mot luong
nho nhit dinh. Khi tham s6 A 16n, chang han A
= 2.0, sai s6 thu duoc tir tiéu chuan sai s mil
bon trung binh 1a nho nhét, & mac 2%, trong
khi cac phuong phéap con lai déu & muic 4-5%.
Tir d6 c6 thé khang dinh rang véi bién do 16n,
viéc phat trién mot tiéu chuan sai sd bac cao 1a
can thiét dé lam giam sai s nghiém xap xi cta
hé phi tuyén.

5. KET LUAN

Viéc tim nghiém xap xi cia mot hé
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dong luc c¢6 chira thanh phin dao ham cip ba
dugc thuc hién trong nghién ctru nay thong
qua viéc dé xut sir dung tiéu chuan sai s6 mii
bon trung binh. Sai s thu duoc tir gia thiét vé
dang nghi¢m tuan hoan bac nhét ctia hé. Két
qua thu duoc chi ra rang tiéu chuan sai s6 mi
bdn trung binh 1a mot tiéu chuan c6 tinh hiéu
qua, lam glarn sai sO twong dbi cua nghlem SO
v6i sai s twong ddi thu duge tir tiéu chuan sai
s6 binh phuong trung binh di biét. Vi gia tri
nho cua tham s, cu thé 1a tham sb A dic trung
cho vén tdc ban dau, cic phuong phap da biét
va phuong phap sai s mil bon trung binh cho
két qua gan turong dwong nhau vé do chinh xac.
Tuy nhién khi A tang thi sai s giita cac phuong
phap da biét c6 biéu hién rd va ting dan. Viéc
stt dung tiéu chudn sai s6 mi bon trung binh
lam cho sai sb twong ddi cua nghiém giam di
& mirc mot nira, tirc xudng con 2% trong mién
tham s khao sat 1a mot két qua c6 thé chip
nhan dugc. Tan sb tim duoc cang chinh x4c thi
sai khac pha chuyén dong ctia nghiém xap xi so
voi nghiém ding (ky vong) cua hé cang duoc
cai thién, tirc giam thiéu sai s6 & mirc cang nho
thi cang co y nghia vé mat co hoc va vt Iy. <
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