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ABSTRACT

Motivated by the fact the breast cancer has risen awareness recently, this paper considers
well-known statistical learning technique, Support Vector Machines (SVM), to classify cancer.
Moreover, to deal with the uncertainty data, a modified version of SVM, Robust Support Vector
Machines (RSVM) is introduced with the application of robust optimization. Thus, the nature
of classification model is also changed but still could be solved practically. To illustrate the
computational performance, our method was tested on Wisconsin Breast Cancer dataset taken from
UCI Machine Learning Repository. The result shows that our RSVM has significant improvement

over regularized methods.
Keywords: Robust optimization, Binary Classification; Mixed-Integer Optimization.
TOM TAT

Puoc thiic ddy béi thuc té 1a ung thie vii dd gia tang nhdn thire gan ddy, bai bdo ndy xem
xét ky thudt hoc théng ké noi tiéng, Mdy hé tro véc to (SVM), dé phan loai ung thw. Hon nita, dé
doi phé véi dir liéu khéng chdc chdn, mét phién ban sira doi ciia SVM, May vecto hé tro manh mé
(RSVM) dwoc gidi thiéu véi irng dung t6i wu héa manh mé. Do dé, ban chat ciia mé hinh phdn loai
ciing dwoc thay doi nhwng van cé thé gidi quyét dwoc trén thuc té. Pé minh hoa hiéu sudt tinh todn,
phirong phdp cia ching téi da dwoc thir nghiém trén bé dir liéu vé Ung thu vit Wisconsin duwoc ldy
tir Kho luu trit May hoc UCI Két qua cho thay RSVM ciia chiing t6i dd cdi thién ddang ké so véi cdc
phwong phap chinh quy.

Tir khéa: T6i wu Robust; Phdn loai nhi phén; Toi wu nguyén.
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1. INTRODUCTION

Support vector machines (SVMs)
are a group of related supervised learning
methodologies used for -classification and
regression. Given atraining setin which each data
points are marked as belonging to two separate
classes, an SVM training algorithm builds a
model that aims to predicts whether a sample
falls into one class or the others. Theoretically,
SVMs constructs a hyperplane or a set of
hyperplanes in a high or infinite dimensional
space, which could be used for classification
and regression, etc. Spontaneously, an optimal
hyperplane should have the largest margin to
the nearest training points of any specified class,
since the larger distance usually implies the
lower error of the classifier.

Given a set of training data points
belonging to two classes, SVMs assume that the
data point is given as a p - dimensional vector,
and we would like to separate such points with a
p -1 - dimensional hyperplane. This is so-called
a “linear classifier”. As mentioned before, the
best solution of hyperplane normally represents
the largest separation, or margin. Hence, such
hyperplane is chosen which has distance from it
to the nearest point on each plane is maximized,
so-called the maximum-margin hyperplane. The
linear SVMs could be formulates as a quadratic
program. The SVMs are important algorithms in
data mining and machine learning [1]. However,
it is usually that data contain noise, or with
uncertainties. For instance, data points could
be ranged within some region. Many studies
were conducted in this subject, for example,
the SVMs with interval uncertainty set in [2-
6], the robust models of SVMs with ellipsoidal
uncertainty in Bertsimas [7]. Additionally, data
noises in some extensions of SVMs have been
considered. With the SVM which constructs two

non-parallel hyperplanes and desires to solve
two smaller quadratic programs, Twin support
vector machines (TWSVMs) is a kind of SVM.
Researchers already applied many types of
uncertainty sets on TWSVMs. In [9], ellipsoidal
uncertainty forTWSVMi issolvedby second order
cone programming method. Mathematically, due
to characteristics of uncertainty sets, there is an
equivalence between regularized support vector
machines and robust optimization for ellipsoidal
uncertainty is studied in [11]. To handle the
ellipsoidal uncertainty, robust optimization to
regularized generalized eigenvalue classification
is studied in [12]. Recently, chance-constrained
robust optimization models were also used for
classification with noisy data [14].

In this paper, we consider the
robust optimization technique for SVMs in
uncertainties of input data, for both features
and labels. Recently, the uncertainty in
labels of input data has been considered in
Bertsimas. In mathematical programming, the
robust optimization is an approach to tackle
the uncertainties with unknown probabilities.
Moreover, the robust optimization has been
studied widely by [15, 16] and [17]. We also
propose the equivalent formulation for SVMs
with desired uncertainty sets.

Notation: let {x;.y;}L, be training set
provided for the classification task, where
% £ BP is the feature vector and y; € {—1.1}1s the
label for observation 1.

D={(x,y)lx; e B,y e (-1 11,

2. METHODOLOGY

2.1. Soft-Margin Support Vector Machines
for classification

Soft-Margin support vector machines
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(SMSVM) is a variation of classical maximal
margin classifier which relax the requirement
of linearly separable data. Instead, it allows for
points to be incorrectly classified. SMSVMs
uses the hinge function as loss function and
using parameter C to balance the minimization
of total loss and maximization of margin,
noted that C could be tuned through validation.
Formulation of SMSVMs:

n
1
min o llwlf +C ) max{1-y(w"x-b),0} (1)
w,b 2
i=1

And its equivalence is formulated as
following problem:

oL N
min  Slwl+C) &
i=1

styi(w'x;—b) =>1-§
& =0

2.2. Transductive Support Vector Machines
with Soft-Margin

i=1,...,n Q)

i=1,..,n

An extend variance of SVMs is
Transductive SVMs (TSVMs) which use to
treat partially labeled data in semi-supervised
learning. In [15], [16], the formulation for
TSVMs has been studied. Besides the training
set D, we need to consider a test data set:

m

D* = {xj"‘

#
x; € R¥ ]jzl
Where the point IX; is unclassified.
The optimization model for TSVMs can be
formulated as:

R N
min, llwl}+C ) & 3)

i=1

S.t: ]

yi(wTx; —b) = 1§ i=1,..,n
i (@'x; —b) =1 j=1,..,m
y; € {—-1,1}

2.3. Uncertainty and Robust optimization
2.3.1. Uncertainty

In classification tasks, the perturbation
of the features and labels could arise during
the data collection, or/and preprocessing.
Provided that left unaddressed, the trained
model could be biased and severely influenced
by uncertainties in the data. We introduce the
perturbation in labels and given corresponding
robust counterpart formulation.

Uncertainties in label: With the
approaching by robust optimization, such
perturbations are taken into consideration.
To address this, we introduce supplement

Ay; £ {0.1}, where 1 indicates that the labels
were incorrect and flipped, and 0 is otherwise.
Then, the uncertainty set would be:

i Ay; <y }(4)

i=1

U, = {Ay €{0,1}™®

We introduce the parameter y, an integer
parameter, to control the total number of data
points that we allow to be mislabeled. Then, the

labels of training set as % (1 — 2ay;).i = 1.... .
In practice, the parameter y is often modeled
as the proportion of total number of data points
and could be chosen via validation.

2.3.2. Robust optimization formulation

The robust counterpart of (1) against U, is
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wb AyElU,

n
1
min max Ellwllg + CZmax{l —y;(1—24y)(w"x; — b),0} (5)
i=1

The robust formulation of (3) 1s

mn mn

o1
min Sllwl+C ) &+va+ ) n
i=1 i=1

s.t:

q+1=C(P;—§)
E>21— y(o'x;— b) i=1,..
LE<1l—y(ofx;—b)+M(1-5) i=1,..
& < Ms;
®; =1+ y;(w'x; —b) i=1,..
G; =1+ yi(o'x; —b)+ M1 —t)i=1,..
b; < Mt; i=1,..
5,0 =0 i=1,..
q=0

s, t € {0,1}™P

,..
|
=

|
_H
= 83 2 = =2 = = =

The label-robust formulation of (1),
which excluded the parameter C, has been
shown by [7]. Problem (5) is a mixed-integer
optimization problem which is practically
solved by solvers.

Robust TSVMs

To obtain a label-robust reformulation
for problem (3), we may seek:

n
1
min = |lw||5 + CZ max{1 — y;(@"x; — b), 0}
w,b,y_r- 2 —

i=1
s.t:
y}(mej* -b)=1 j=1,..m
y; €{-1,1}

Then we substitute the label variables y.
(1-2Ay.),i=1,...,n

n

_ 1

min.max 2 el + CZ max{1 - y;(1- 24y;)(w"x; — b),0}(6)
=

s.t:

y; (mef*i = b) =1
y; E{~11}

j=1,...m

Observe that the objective of problem
(6) has the same value with problem (5).

Moreover, we can formulate the
constraint yj-'{m'-r.t;—&}:: 1 to seek a new
formulation for (7). Since, yj* is unknown
variables and w = {ml,---,m_,,}T is continuous,
we use inequalities to reconstructy; w;by

using a variable | . _4 »
ik s s P

l
rajk zmk+§(1—y}°)
E *
aj = —wk+§(1+yj)

u
ajk < (J.)k+5(1 —y;)

u

Where the lower bound £ < gand the

upper bound are the control for ®,. Next, we

T

denote o; = {ﬂ_i'j_-' T ﬂ'_i'p} .

Theorem 3: The complete formulation
for (6) is followed:

n T
o1
min ol +C ) &+va+ ) ni(7)
i=1 i=1
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s.t:

q+1;2C(d; — &) i=1,..,n
E>21- y(w'x; — b) i=1,..,n
L<l— y(w'x,—b)+M(1—-5)i=1,..n
§; < Ms; i=1,..,n
¢; 214 y(w'x;—b) i=1,..,n
;=214 yi(0’x—b)+M(1-t)i=1,.,n
&; < Mt; i=1,..,n
1,59 =0 i=1,..,n
(ajxj* —y}b) =1 j=1,..m

l
Qe = Wy +E(1 - y}’-‘)

l
Qe = — Wy + 5(1 + y;)
aj: =

u
ajk < wk+2(1 *y‘;{)

u
A < —wyg +E(1 +y;)

y} € {7111}
q=0
s,t € {0, 1P

In this formulation, all constraints are
linearized. This formulation is mixed-integer
optimization problem which can be solved
practically. Note that, we could use piecewise-
linearized the quadratic terms in the objective
in order to completely transform the problem
into. For details of these reformulation, we
prefer reader to [7].

3. NUMERICAL EXPERIMENT
3.1. Experimence setup

In order to report the performance of
the given robust SVMs, we tested the accuracy
of RSVMs on the well-known dataset, which
is Wisconsin Breast Cancer dataset from UCI
Machine Learning Repository. Toseek theresult,
one-versus-rest was considered. The dataset
was split into the training set (60%), validation
set (20%) and testing set (20%). The training
set was used to train the model with variety of
input parameters. Next, the misclassification

error was kept track on validation set, hence,
used for hyperparameter tuning to seek the best
combination of input parameters. Finally, with
the best input parameters, the misclassification
on testing set was reported. Since, the RSVMs
in this report is mixed-integer optimization
problem which could be solved by commercial
solver practically. Note that, in the objective
of RSVMs, there is a quadratic term which
can be reformulated by piecewise formulation
to transforms the nature of problem to mixe
dinteger linear optimization problems. There
are many specific modelling languages that can
be used on this problem. We chose CVXPY,
a convex discipline programming language
on Python. The experiment was conducted
on selflaptop which contained 17-4510U(2.2
GHz), 8GB RAM.

3.2. Computational result

For comparison between SPO+ and LS
loss, we generally observe that SPO+ provides
superior result to LS, which emphasizes the roles
of incorporating optimization information to
prediction tasks. As long as the number of assets
becomes greater, the SPO+ method performs
significantly compare to LS loss. As for the 0
values and N scenarios grow up which elevate
the complexity of downstream optimization, we
observe that SPO+ still show improvement over
LS loss. Especially for the case of 50 assets,
SPO+ method tends to offer improvement over
LS method in all sectors. However, one cannot
claim that SPO+ outperforms LS due to the fact
that the improvement of SPO+ over LS is not
considerable large, whereby most of them are
lower than 5%. Finally, SPO+, which combine
the information of downstream optimization
problems into prediction task, is better approach
than LS in purpose of integrating prediction and
optimization task. The detailed result is shown as:
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Table 1. Computation result

Support Vector Machines
Metric
RSVM | svm | Robust
Improvement
Accuracy | 98.20% | 97.20% +1%
Speed 6.44s 8s 1.56s
4. CONCLUSIONS

In this paper, we provide the formulation
for chance constrained portfolio selection when
the uncertainty affects to the decision variables
using Wasserstein ambiguity sets, which
implies that we handle the unknown parameters
in constraints. We also provide the SPO and
SPO+ frameworks for developing prediction
model under predict-then-optimize paradigm.
By using SPO and SPO+, we could include the
contextual information to optimization, which
usually ignore in practice. However, there is
still some drawbacks and possible new research
opportunities in our approach. %
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